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Structured integrodifference equation

o+ 1) = [ (K)o Binb.o)] ) .r)

and its linearization

n(x,t+1) = /Z <K,(x —y)o A,) n(y, ) dy.



Invasion speed

e = mip (11005

s>0 \ S

where p(s) is a growth-rate, based on both demographic and
dispersal information.

H(s) = A o M(s)



Invasion speed:
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Moment-generating matrix M(s) :

mii(s) = / kij(x)e™ dx

B(0)
A o M(s)
largest eigenvalue of H(s)

Invasion speed:

¢* = min

in{ L np(s) |
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Sensitivity analysis: general

Let

Sensitivity of ¢*

Elasticity of ¢*

0 = parameter vector
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where D(0) is a matrix with 6 on the diagonal



Sensitivity analysis: constant environment

p(s*) = max eigH(s™)

Let w and v be the right and left eigenvectors of H(s*)
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Sensitivity analysis: periodic environment
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Sensitivity analysis: stochastic environment
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Retrospective perturbation analysis
Goal: to decompose differences among “treatments” into
contributions from effects on each of the parameters defining
the problem.
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(b) Environmental
/ dynamics PO \
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Determinants of invasion speed

environmental states 1, ...,k
environmental state dynamics

P="Pru(r+1)=iu(t) =j)
demographic responses
A, .o A
dispersal responses
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Decomposing differences

treatment 1 :

treatment 2 :
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LTRE: the basic idea
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Contributions:
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Environment-specific sensitivity

Indicator variable

1 u(®)=nh
0 otherwise

Ji(h) = {
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Environment-specific sensitivities

Use this to get

dc* and dc*
dvecTA |, _, da'|,_,

forh=1,... k.

But what about contributions from the environment (P)?



Kitagawa-Keyfitz demcomposition

Suppose
AW = *a,b]
@ = *[A,B].
Then
C(A—a) = (1/2)(c*[A,B] — c*|a,B])

+(1/2) (¢"[A, b] = ¢*[a, b])

C(B—b) = (1/2)(c*[A,B] - c*[A, b))

+(1/2) (c¢*[a,B] — c*[a, b)) .



Decomposition of effect of environmental dynamics

Let ® be the combination of demographic and dispersal
parameters.

Kitigawa-Keyfitz decomposition
C(P) = 05 (c* [P(Z),G)“)} e [P(U,@(U}
i {Pm,@(z)} o {p<1>7@(z>D

Decompose into contributions from the frequency differences
and the effects of autocorrelation

C(P) = C(Q) + C(R)



Lomatium bradshawii

Caswell, H. and T. Kaye. Stochastic demography and
conservation of Lomatium bradshawii in a dynamic fire regime.
Advances in Ecological Research 32:1-51
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Demography

Al,...
Ai,...

Dispersal

Environment

Invasion speed

A made-up example

,Ay = Fisher Butte with extra fertility
, Ay Rose Prairie
a) = (21 4 2)
a? = (1 5 2 .1)
frequency 05 0.7

autocorrelation —-0.3 0

W =057 @ =018 Ac*=-04
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Step by step

1. Decompose environmental differences using the
Kitagawa-Keyfitz decomposition.

2. Compute contributions of the aggregate demography and
dispersal differences using Kitagawa-Keyfitz.

3. Use environment-specific derivatives of ¢* to get
contributions from each demographic parameter and each
dispersal parameter in each environment.



Data requirements

In each environmental state, under two or more “treatments”,
need data on:

1. Markovian environmental dynamics
2. stage-structured demography
3. stage-specific dispersal kernels
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